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Supplementary Note 6: Reduced trial-weighted DDMs
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Supplementary Figure 6: Reduced trial-weighted DDMs do not capture human correlations. a, Same plotting conventions as in Fig. 4a. b, Same plotting conventions
as in Fig. 4c. ¢, Same plotting conventions as in Fig. 4d. d, Same plotting conventions as in Fig. 4e.

Reduced trial-weighted models are those in which only one of z or m from Methods eq. 5 is weighted. Weighing
only z is referred to as the weight starting point model and weighing only m is referred to as the weight drift rate
model. See Supp. 12 for precise definitions. Correlation plots in Supp. Fig. 6 are flatter than the corresponding plot
for the weight per—trial model in Fig. 4d.
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Supplementary Note 7: Per-case model comparison
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Supplementary Figure 7: Model comparison, all cases. Annotations in each cell indicate the proportion of cases in which the model specified in the row label is better than
the model specified in the column label (e.g. IBl is better than choice-weighted DDM in 74% of cases, out of 58 total.)
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Supplementary Note 8: Bias against ~
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Supplementary Figure 8: A stronger bias leads to higher correlations. Same as Fig. 6d, as a function of the space constant of the exponential fit, <, instead of a function
of the amplitude A. Green diamonds refer to the same examples as in Fig. 6¢c. Note that smaller values of x correspond to stronger spatial bias.
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Supplementary Note 9: Results without trial exclusion
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Supplementary Figure 9: Trial exclusion does not affect results. a,c Same as Fig. 2. b,d Same as Fig. 2, but without excluding the trials with the 10% slowest RT as
detailed in Methods. The results are qualitatively indistinguishable.
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Supplementary Note 10: Comparison of model performance with different decision rules
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Supplementary Figure 10: Comparing decision rules a, Same plotting conventions as Fig. 4e. b Same plotting conventions as Fig. 3f.

To implement the convergence rule, we smoothed the evidence using a small sliding window (3 iterations) when
taking the derivative. We also ensured that convergence was not transient by prescribing that the rule needed to be
followed for at least 3 iterations.

The convergence rule is largely responsible for matching model distributions to human RT distributions (Fig.
10a). However, we can observe that the match to human time-distance correlations arises only when a boundary
is used for the decision rule (Fig. 10b), implying that natural scene segmentation decisions involve a threshold on
certainty.
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A Feature extraction

Supplementary Note 11: Mathematical details

In this section, we derive the update rules presented in equations 1,2, and give an overview of the normative theory
underlying our model (subsections A-D). We also discuss reduced versions of the IBI model (subsection E), and how
the model produces evidence for a “same segment” or “different segments” decision (subsections F,G).

A. Feature extraction. We begin with the sensory input, an RGB image I with height h and width w (in pixels). The
first step is to extract features from the RGB image, which we accomplish using the deep convolutional architecture
VGG-193. Deep convolutions remap RGB values onto high-dimensional feature vectors that have been shown to be
useful as predictors of neural activity in early cortex?. Deep neural networks have also been shown to align with
the hierarchical human visual system®. In principle however, any shallow or deep feature extraction applied to RGB
images can be used with the probabilistic inference used in proceeding steps.

Notation:
o TcRM®WX3 . Tig a tensor of shape (h,w,3) e.g. an RGB image.
e 1 €[1,16] : the layer of the neural network.
o Al=1]: the activation from the previous layer of the neural network.

o WU . a square sliding window kernel with size 3 and feature dimension FU, at the current layer. E.g. for
layer 1: FIU =64, Wl ¢ R3%3x3x643

!
o Zll g RhxwxF . the output of convolution operation

o bl eRF "', the bias at a given layer

I=Al (S3)
Zl = Wl A1 4 gl (S4)
All = ReLu (ZW) (S5)

The above equations describe linear-nonlinear transformations of the input as its passed through sequential layers.
For all layers [, * is the discrete 2D convolution operator. Values for W and bl constitute filters in an F-dimensional
space, and are learned by training on the ImageNet1K database® for object recognition (not segmentation).

For each layer [/] we use a linear transformation, principal component analysis (PCA), to reduce the dimension-
ality of the observations® to M. We set M = 6 to standardize feature dimensionality across layers, and because it
typically explained 95% of the variance in the shallowest layers. The projection onto principal components is a simple
matrix multiplication:

zlell — xU] (S6)
X[l} c RthXG (S7)

where principal components are the columns of ®. Therefore, X!l is a 6-dimensional representation of the features
at layer [ in image data.

As in the original FlexMM implementation, to improve segmentation performance, we concatenated the low-
dimensional representation at any given layer to the PCA projection of RGB features X[, We then defined the
feature vector at layer I:

a0 = [, 1 s

A.1. Feature selection. For each image, we selected, out of the first five convolutional layers, the layer whose features
led to model segmentation maps most similar to the participant’s segmentation maps decoded from the task (with
similarity measured using the adjusted Rand Index'). Therefore the layer of VGG-19 used was tuned to each image
for each participant.

We found that intermediate layers of VGG-19 led to results best aligned with human RT-distance correlations.
When features were selected from layers deeper than layer 5 or from only layer 1, model correlations were weaker. It is
thought that early layers of VGG-19 have access to bottom-up image feature information such as edges, texture, color,
and luminance®. Furthermore, because VGG-19 is a network trained for object recognition with backpropagation,
deeper layers should have more access to object—specific or semantic information. Therefore, our feature basis partially
accounts for semantic or object priors in human participants, but is not fully abstracted away from lower—level image
information.
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B. Gaussian scale mixtures. To simplify our notation we remove the layer—indexing from here on. Bold, italic letters
indicate a vector random variable at a single pixel i (Z; = ). Let © € R'2 be the random variable representation of
a single (i.e. at one pixel) multidimensional feature vector.

We can define the prior for @ rigorously through normative theories of natural vision. It has been shown that
natural images present with the statistics of a Gaussian Scale Mixture (GSM), which is a standard multivariate
normal g € R'? multiplied by a random global scalar v € RT . The components of the multivariate normal represent
the weight with which local features (such as edges with a specific orientation and spatial frequency) contribute to
the input image, while the scalar multiplier represents a global modulator such as contrast " ''. In our formulation,
we use the Student-t distribution, which is rewritten as a Gaussian Scale Mixture by scaling the covariance of a
multidimensional Gaussian, 3, using a scalar v, that is itself a random variable sampled from a one—dimensional
inverse Chi-square distribution scaled by its degrees of freedom v. Ultimately we write:

T =vg+Q

v? ~v-Tnv-x3(v)

g~N(0,%)
IBNN(/I,U2'2>

Compute the PDF of «, p(x) by marginalizing over v
(@) = [ plalolp(e)de (59)
v
1 _ TE—I _
:/ 5 - exp <(:1: ) 5 (= m)p(v)dv (S10)
v (2n) 025 2

The integral in equation S10 can be written as the expression f; 2

; L (52) |37
f (J’7V7 72): 2 V12 (Sll)
R T T (B) (It e ) TR (@) )

Where T is the gamma function. This formulation of the Student distribution makes our parametrization explicit,
0= (,ii.%).

B.1. Mixtures of Gaussian Scale Mixtures. The objective now is to learn a mizture of GSMs such that each vector x
may be assigned to one of K classes (classes in our formulation are segments). Classes are notated as one-hot
encoded vectors and we write p(c) refer to the corresponding probability, e.g. if there were 3 classes, class 2 would
be represented as: [0,1,0] with corresponding probability p(cz2) = p(e =10,1,0]).

Classes are assigned with a prior probability vector denoted 7 which is an element of the K —dimensional simplex
m € AKX namely all its elements must sum to one. The PDF of « is now simply a weighted sum:

K
p(@) = mif1(6k) (812)
k=1

Where 7y, is the kth-element of the vector r, and 6y, is the set of parameters (v, fig, Xx) that is unique to the k-th
class.

C. Defining the graphical model for FlexMM. In Supp. Fig. 11, we define our mixture of GSMs as a graphical
model, specifically a Bayesian Network, where for two random variables ;1 and rs, the notation r; — r9 indicates
a conditional relationship p(r2 | r1) 3. Following the FlexMM family of probabilistic mixture models®, to introduce
the spatial prior, we add extra edges to the graph (Supp. Fig. 11, blue lines). These edges ultimately define a latent
variable B € RE | the concentration parameter of the Dirichlet distribution of 7. Only one B node is shown in Supp.
Fig. 11 for the central pixel in a 3 x 3 neighborhood of pixels. However, there is a B node for every pixel which is
influenced by that pixel’s neighbors.

The extra edges inserted into the model cause a loop. Learning and inference can be performed despite the
presence of the loop, as we will discuss in the next section.
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D Learning and inference dynamics

c ~ Mult(r)

x ~ Student (O(CZk)>

Supplementary Figure 11: A probabilistic graphical model for a 3 x 3 pixel input. We define observed random variables as «, these variables are distributed according
to a Student distribution with parameters {0} .. The parameters are determined based on feature classes c. These prior probabilities of these class labels are defined
by the random variable 7, distributed according to a Dirichlet distribution. A neighborhood (which is 3 x 3 pixels, in this illustration), of surrounding class labels defines the
hyperparameter B (only one B is shown) which is the concentration parameter of the Dirichlet distribution. Defining B on the basis of the class labels of surrounding pixels
ensures that 7 variables that are spatially close to each other are more likely to be similar.

D. Learning and inference dynamics. The main goal of this section is to provide a derivation of equations 1,2 of the
main text, which our results are based on. As with any probabilistic graphical model, there are multiple algorithms
that can be considered for learning and inference!®. For FlexMM® we use a modified version of the Expectation-
Maximization algorithm '* that guarantees closed-form linear updates for the class probabilities and flexibility in how
class information is integrated across pixels to define the B variables. The implementation and proof of convergence
for FlexMM can be found in our earlier work®.

In the following sections D.1 and D.2, we focus on alternative mathematical views of our model’s dynamics in
two ways, to highlight links to normative theories of perceptual dynamics. First, we briefly mention the recurrent
message-passing dynamics that are present throughout the lattice of pixels to connect our work to normative theories
of recurrence. Second, we use a view of EM as variational approximate inference to show that iteration is used to
minimize statistical free-energy, which leads to a simplified derivation of the update rule in equations 1,2.

We note that disentangling learning (i.e. estimating parameters given data) from inference (i.e. forming the
posterior distribution, given the data and parameters) requires some care for our graphical model. FlexMM alternates
between an M step in which it learns parameters, including a prior probability for the class labels, and an E step in
which it infers the posterior class probabilities given those parameters. In the model with the spatial prior (e.g. Fig.
3a, also Supp. Fig. 11), the parameters 7 are learned per-pixel, so the inferred posterior probability is proportional
to the prior. In models without a spatial prior (e.g. Fig. 5f), a single prior probability for all pixels is learned during
the M-step, and inferring a posterior probability over segments means that only the E-step generates a probabilistic
segmentation map. We will discuss this distinction in greater detail in Section E when discussing the reduced versions
of IBL.

In all versions of IBI and Expectation-Maximization in general, the prior is iteratively updated to generate a
posterior and vice—versa. Therefore, technically speaking, the first prior our model learns is based on the initial
guess which comes from participants segmentation maps. This initial guess introduces information about the seg-
ments perceived by the participants, which are likely based on both bottom-up features as well as object and scene
understanding.

D.1. EM as recurrent message passing. The Bayesian Network (Supp. Fig. 11) can be rewritten per-pixel with con-
straints on the relationships between variables. This formalization is called a factor graph'®. Supplementary Figure
12 is a per-pixel version of Fig. 3a and Fig. 11 formalized as a factor graph. The factor graph depicts informational
relationships with undirected edges, random variable nodes V and “factor nodes”, F. Factor nodes F elucidate the
nature of the relationships between variables using the definitions of selected distributions. The joint probability
distribution of the nodes V is then written as the product of factors: p(V) = % [l.cr fa, where Z is a normalization
constant. Specifically, we use the following factorization:
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Supplementary Figure 12: A factor graph of the probabilistic dependencies influencing each pixel. Compared to the probabilistic graphical model of Supp. Fig. 11,
directed edges have been replaced with undirected edges and factor nodes. Rounded rectangles around nodes are referred to as “plates” and the annotation within the plate
indicates how many values of that random variable are present. Specifically, there are H x W neighboring class labels used in the per-pixel class and K sets of parameters.
The red lines indicate a loop in the graph. To simplify, the random variable B is not shown as a node, but is implicitly accounted for through factor fs (eq. S15). The double
blue lines indicate that information from multiple neighbors in used in the spatial prior i.e. ¢ values over a local set of H x W pixels regularize the value of =. fo, f1, and fs
are factors of the joint probability distribution i.e. p(x,w,¢c,caxw,B,0) = % (fs - fo- f1)-

folm€) = plelm) = Mult () (513)
fi(e,z,0) =p(x|c,0) = Student(0) (S14)
fs(m, e, co,...,eqxw) =p(mw|B)p(Bleg, ...,CHxW) (S15)

Equation S15 describes how a spatial prior of size H x W (where H < h and W < w, the full image size) is implemented
where B is a Dirichlet parameter vector that has the same dimensionality as 7 1, therefore:

p(w|B) = Dirichlet(B) (S16)
p(Bk|CO,...,Cwa) = 6(“(00,k7~->CH><W,k)) (S]_7)

where u : REXWXK _, RE can be any linear function, and ¢ is the Dirac delta function.

Our factor graph is written with a loop (Fig. 12), but previous work using the EM algorithm on loopy factor
graphs !9, has shown that the Expectation and Maximization steps can be considered as message-passing along two
separate “tree—like” graphs, and that if neither of them contains loops the EM algorithm can be implemented exactly
(see Dauwels!” for the explicit form of messages used in EM). This is the case for our model® (Supp. Fig. 13).

One advantage of describing FlexMM in terms of message-passing is that it highlights the connection of FlexMM
to normative and mechanistic theories that used this powerful computational scheme to clarify the role of recurrence
(both lateral recurrence and feedback connections) in probabilistic neural computations!® 2.

Expectation 7r(‘,5) |

tree
N —
O =C)

Jo

)

HxW fS

Supplementary Figure 13: Breaking the loopy model using EM. The Expectation tree (top row) and the Maximization tree (bottom row) generated by “unrolling" the loopy
model. Arrows represent messages passed along the edges. (1) and ) are known values of parameters at the current time step and therefore not written as variable
nodes here. The algorithm for computing the expectation in the Expectation Step is a forward-backward sum-product message-passing algorithm 7 The blue arrows show
the forward pass while the red arrows show the backward pass. In the Maximization tree, the spatial prior is implemented using max-product message passing with messages
represented by green arrows 7.
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D Learning and inference dynamics

D.2. EM as variational inference. Having discussed the view of EM as a message—passing algorithm that connects to the-
ories of recurrence, we now present an alternative view of EM iterations as approximate variational inference 192123,
This view emphasizes that iteration in EM is a form of minimizing statistical free-energy, and can in principle, be
seen as gradient descent where information from the prior helps determine the direction of optimal descent?3. We
will use this view to present an abridged derivation.

Implementing the EM algorithm as variational inference involves treating w and @ as parameters in order to learn
the marginal distribution p(x|w,@) that best explains the observations & at all pixels. Here, we will not explicitly
discuss the role of the Dirichlet as a spatial prior, but focus on dynamics. For a set of observations X over all A x w
pixels, we begin with the assumption that a single observation «; is independent from others. In this section, the
spatial index 7 is explicitly written.

The log-probability of the observations factorizes as follows:

hXxXw

logp (X |I1,0©) Z logp(x; | 7;,0) (S18)

We now introduce the latent variable ¢;, a class label, for each observation at pixel i. As in earlier sections, classes
are notated as one-hot encoded vectors, e.g. if there were 3 classes, class 2 would be represented as: [0, 1, 0] with
corresponding probability p(c;2) = p(e; = [0,1,0]). Then:

hxXw
logp(X|I1,0) ZlogZp Ti,Cik | Tk, Ok) (S19)
Equation S19 defines the observation likelihood as the marginal likelihood over ¢;. To move the summation outside
the logarithm we can introduce an approximate distribution for ¢;, namely ¢; ~ ¢(®.

hXxXw

(t) .
q‘-p wzvczk|7rzk70k)
- ZIOgZ q® (S20)

The above can be rewritten using the expectation operator E which is the expectation with respect to the

~og(t)s
ci~q
approximate distribution q(t). Using the expectation operator:

_ glog( ot [WD (S21)

_ hztfvl‘)g <Eci~q(t) [P(Cz‘ \ wivziz)'P([wi | 9)D (S22)

Using Jensen’s inequality we can move the logarithm inside the summation, and establish a lower bound to maximize.

hXxXw

> Z Ee g logp(ei | i, mi)]| +E,. 0 [logp(zi |0)]-E,. [10gq(t)} (523)

Inference aims to find the approximate distribution ¢ to maximize the above lower-bound monotonically. This is
functionally equivalent to minimizing the negative of this quantity, which can be interpreted as a quantity called
variational free energy?!?224 (note that the third term is the statistical entropy of the approximate distribution
(t)
q").
Note that the challenge with performing inference with the model as written in equation S24 is that in the first

term:
hxw

Z Ee g logp(ei | @i, ;)] (S24)
i

there are (K — 1) - h-w parameters and only h-w observations. Therefore, to effectively reduce the number of param-
eters we use regularization: we introduce a linear function w that can be applied over the 7r; within a neighborhood
of size H x W to facilitate spatial smoothing. In practice, special care must be taken to define the u as linear
using additional parameters from conjugate priors (see previous Section D.1 and the FlexMM paper®, particularly
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Appendix B for proofs). We ignore these additional parameters in the current derivation to focus on one main point
— the u function must be linear as applied to the expectation so that it can be taken out of the expectation term by
the linearity of expectation:

E,, 0 [u(logp(e i [ 2.7 1))] = uik (Ec,wq(t) [logp(c. i | 96»7?‘71@)}) (825)

To apply the condition that closer pixels are more likely to be in the same class we use as the u function a
convolution with a discrete 2D Gaussian with finite kernel size.

D.3. Per-pixel EM. Notice that the linear u function can be applied to the standard formulation of the expected
complete-log-likelihood over neighbors. The standard formulation of EM states that parameters evolve to increase
the likelihood of the dataset as a batch. In our case, parameters are per-pixel. Examining the likelihood traces
in our model we found that certain pairs of pixels reach their final likelihood value before other pairs. Therefore it
is worth a brief look at existing theory on EM with single observations, termed incremental EM, which was shown
to be feasible through the variational view of EM?!. Neal and Hinton have shown that maximizing logp (X |II,8)
is equivalent to maximizing the complete log-likelihood per-pixel when latent observations {c}y; are independent.
In our formulation strictly speaking, {c}v; are not independent because of the u function. However, because m; are
also learned per pixel we can treat {c}y; as conditionally independent when 7r; is known for all ¢. This justifies that
single pixel updates are unique while increasing likelihood for the whole image.

D.4. EM as gradient ascent. Having established that we can apply u to the standard complete-log-likelihood, and that
this quantity can be optimized per pixel, we can introduce a per-pixel objective functional O; by defining a parameter
space {m;,0} € ¥ and a distributional space ¢ € Q. The way that iteration enables gradient ascent for this functional
is summarized in Table 1, and aligns with normative work exploring dynamic sampling circuits?*~27. The equation
for the per-pixel objective functional at time step () (ignoring the entropy contribution from equation S23) is:

Oi (Q,’ﬁ) = Eci~q(t> [logp (:BZ',CZ' | ﬂi,a)] (826)
00

, 90,
Consider the derivative TQZ Past work has shown?! that when setting a—Ql =0 a maximum exists at: ¢7 = p(c|x).
At any given iteration ¢, computing ¢7*) = p(c|x) is the expectation step, while the maximization step involves
learning parameters (wf),e(ﬂ) to further improve approximation. The EM update rule as derived below uses

parametrized distributions to make these computations exactly, but it is nevertheless a specialized form of gradient-
based optimization with the goal of approximation. These closed—form expressions meaningfully capture dynamics
because constrained optimization (i.e. 7 must sum up to one) require a small step size. This was shown by Xu and
Jordan?® who explicitly relate EM to iterative Newton and Quasi-Newton’s methods.

To continue the derivation, for the M step we re-express the expectation in equation S26 explicitly as a sum over
class labels and we introduce explicitly the time labels:

K
0; (4", 9) = (togp (s ci | i 10x)) - (ciploimls V00 ) (S27)
k
We use Bayes’ rule for the conditional probability term:
(t—1) (t—1)
B B P (ﬂfz Ciky O, )p(Ci,k T k )
D (chk ‘:cz,wl(tk 1),0]? 1)> = (D) ‘ (S28)
3
Recurrent step Gradient step
(t—1) (t—1) . 90; . ¢
-step old 7, an constant for all 4 ——; find local maximum at ¢
(E-step) Hold 7, , de, tant for all 5g find local t qt®
. 00; .
(M-step) Hold ¢t(") constant 59 find local maximum

Table 1: EM framed as gradient ascent®"?32®_ This framing shows how different pixels each contribute to increasing the overall data likelihood as long as there is information
in qT about neighbors. The update rule in equation 2 is derived by finding closed-form solutions for local maxima when setting the gradient steps equal to 0 and then applying
the function w. Values for wft])c are updated until the total likelihood logp (X |IT, 6 ) reaches an asymptote.
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D Learning and inference dynamics

We write the denominator as the marginalized sum over all classes. We also introduce the symbol ’yl-(tlz, termed the
“responsibility” which quantifies how “responsible” a particular class is for a particular observation.

) D (ﬂ% Cz‘,k,gl(fil))p (Cz’,k 7753;1))
Tik = K (t—1) t—1) (S29)
Dok P(wi Ci Ky 0}, )p(ci,k Tk )
Now we can substitute equation S29 into equation S27:
(t—1) (t—1)
K plTi|cik, 0 plcik|m,
O; (qm),ﬂ) = Z (logp (@i, cik | mik ,0k)) - K( B (t_z) ( ‘ Z’k(t_z) (S30)
k Dok P(fﬂz' Ci k> 0}, )P(Ci,k Tk )
K
= Z (logp (i, cik | mik 6k)) %(t;z (S31)
k
Decompose the joint probability distribution
K
=" (log (p (x| ik, Ok ) - (cik |Tik))) 15 (S32)
k
K
= Z [log (Student (6y,)) +log (m; 1) | ’yz(t,z (S33)
k

Here we show the maximization with respect to 7;  (see Peel 2 for estimation of the parameters 6}, ). Maximization
for m; 1, is subject to the constraint Zf m; ) = 1, implemented with a Lagrange multiplier A:

K
O; (QT(t)vﬂ'i,kﬂ\) = %(2 log (m,k) + A (1 _Zﬂ'i,k> (S34)

k
(t)
00; Yik
=— - S35
Ok  Tik (835)
Set the partial derivative equal to 0 and solve for 7; ;, to find the updated value 77532
(t)
Vi k
A= S36
— (536)
(t)
’y.
ﬂiﬁl - Tk (837)

Equation S37 is the standard formulation of the EM update rule, because ZkK wgtg =1 we can write that A= ZkK 'yi(t,z.

Our formulation differs however because of the u function applied to the compfete log-likelihood so we write:

w(+9)

A=—"2% (S38)
ik
Finally, this leads to our update rule:

()

Ui \ V. g
nf) = —AH) ( ()t) (S39)

Dk Ui (Vk)

Xu and Jordan?® have shown that EM can be considered a quasi-Newton’s method, which is a classical iterative
optimization method.

We end with a summary of how our approximate distribution g changes with time. We started with an approx-
imate distribution over ¢, ¢ ~ q. We show that to maximize likelihood/minimize free-energy ¢ — = p(c|x) = ,y(t)
which is then rescaled to 7*) and that through spatial smoothing with u, 7 has further, single-pixel dynamics ;.
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D.5. Deep spatial prior. As explained in Section A, we use the notation x!!! to indicate that our random variable

formulation of the observations X is in a subspace of Z! for a specific layer [[]. This leads to latent variables being
layer specific as well (e.g. e, which was omitted in earlier sections for clarity). Just as class labels ¢ that are close
together in space are more likely to be the same, we assumed that so too should class labels for the same location

across neighboring layers {c[l*”,c[l],c[Hl] } This leads to better segmentation performance with FlexMMP©.
Therefore, we can write equation S24 for a spatial neighborhood while considering neighboring layers as well:

(L O-1] (t)[1+1]
O Usg ('7/.71C v Yok )

Tik = _
S s (0T, o)

The appropriate linear function v for applying this deep spatial prior and the corresponding update rule is presented
in Box I of our FlexMM paperf.

(S40)

D.6. EM initial guess. For our initial guesses, Wl(tk: 9 and 0}(;::0)’ first we define Tl'gok) by sampling from resized, proba-

bilistic segmentation maps of the participants (Fig. 1b, top). (Resizing is necessary because the coordinate system
for participant segmentation maps is lower resolution than the per-pixel coordinate system of FlexMM). Let the value
at each pixel in this resized participant segmentation map be notated p (analogous to 7 from FlexMM, that we have
discussed in detail, but based on participant responses). We can then define sampled labels:

55 ~ Mult(p) (S41)
We then compute wgtkzo) from s; like so.
- 1— if k=s;
7_‘_(751;0) _ € 1 Si (S42)
b O0+e/(K—1) if k#s;

(0)

After computing this mapping, we estimate )’ and 3, using assignments s;. For the initial guess of v we use v = 2,
which simplifies the mixer distribution P(v) to a scaled inverse Rayleigh distribution %1,

Note that by sampling in the initial guess, our model is sensitive to different levels of perceptual uncertainty
in each case (i.e. each participant and image). This is part of the reason we refer to the EM initial guess as the
participant’s mental map in the main text. While the final maps from FlexMM are different depending on the precise
sample of initial guess, our main findings on dynamics are qualitatively robust across varied initial guesses.

E. Graphical model perturbations. In this section we focus on the ablations detailed in Figure 5.

E.1. No local connectivity model. If we define the u function as a Gaussian with an infinitely wide kernel i.e. u(fy](\?)k) =

Zf\ilvi(t,z, where N = h X w, then we can plug back into equation S29 to get:

N (1)
(t) >zt Vik
ik T TN K@ (S43)
D1 Dokt %(12
By definition, vazl szl 'yftlz = N so:
N (1)
71';(:) = L:l:l%’k (S544)

N

Because we are summing over all ¢, the index 7 is no longer present on the left-hand-side of equation S44. Therefore,
to obtain per-pixel probabilities, we have to compute the posterior (which is also equivalent to the E step of the next
iteration):
t t) (t
ql(’,z:p(c:khrl(ﬂ),ﬁl(ﬂ)) (S45)

Further Discussion:

Because the no local connectivity model yielded similar performance to the full IBI model (Fig. 5), we take a
closer look at the nature of the no local connectivity perturbation.
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E Graphical model perturbations

There are two redundancies in our algorithm which contribute to stabilizing performance in the no local con-
nectivity model. First, one such redundancy is using the human subjective map, which contains spatially smooth
segments, as the initial guess. This ensures that ’Yz'(f)k) in equation S43 is already smoothed, which influences the ql(t,z at
later iterations in equation S45. Indeed, when we considered a no local connectivity model with random initialization,
it did not converge to meaningful segmentation maps. This further corroborates that the initialization to a smooth

map contributes to obtaining a smooth map at convergence.

The second redundancy is the fact that the model does not output the reaction time or choice for a single pair
of pixels. We average the model reaction time and response at pair ¢,j over multiple pseudopairs, namely pairs of
coordinates that are close to i and j (see Methods). Averaging over pseudopairs introduces some spatial smoothing,
reducing the difference between the full IBI model and the no local connectivity model. Nonetheless, we can use these
pseudopairs to compare the two models in greater depth. We introduce a new quantity we call spatial confidence,
which quantifies the agreement across pseudopairs for a certain choice. For example, if 51% of pseudopairs around
pixels x and y yield positive evidence this would lead the model to output a “same segment” response for pixels x,y.
If, on the other hand, 99% of pseudopairs around pixels w and z have positive evidence there is clearly more spatial
confidence for the w,z pair than the x,y pair, but the model outputs the same binary “same segment” response. As
expected from the lack of spatial prior in the no local connectivity model, we found that its spatial confidence was
lower than the IBI model(Table 2).

‘ IBI no local connectivity
same segment 0.87 0.79
different segments | 0.95 0.89

Table 2: Comparing spatial confidence for the IBI model and the no local connectivity model. Left-column values are higher than right-column values in both rows. The extent
to which these number are still quite similar is due to the initial guess, so it stands to reason that the local-connectivity prior improves on spatial confidence.

This choice to have the majority of pseudopairs yield a response stabilizes the no local connectivity model in a
way that would be perturbed if we were to, say, consider only the response of the central pseudopair. The full IBI
model is not susceptible to this perturbation (Supp. Fig. 14a).

To further elucidate the difference between IBI and the no local connectivity model, we performed a temporal
PCA where the evidence trace for each pseudopair was treated as an observation and each time-step was treated as
a feature to find temporal basis functions for each model. We found that the no local connectivity model’s traces
displayed one order of magnitude more variance around the first-component basis function compared to the full IBI
model. We also found that IBI’s first-component basis function was more complex and showed oscillatory behavior
(Supp. Fig. 14b).

a b

colored by pseudopair colored by central
majority pseudopair
g 10 == same
=5 —0.1
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T T T T T T é _02 i IBI
® 10 e
e 3
: g 0H{H=—— — =
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10— — L~
5 10 15 5 10 15 0 10
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Supplementary Figure 14: The no local connectivity model is not robust to small spatial perturbations. a, Top row: evidence traces for the full IBI model colored by
the pseudopair majority (left), versus the central pseudopair (right). The two partitions are almost equivalent. Bottom row: evidence traces for the no local connectivity model
colored by the pseudopair majority (left) versus the central pseudopair (right). The partition coloring by the central pseudopair shows many same segment traces yielding
negative evidence, because evidence from surround pixels is not in accordance with center pixels. b, EM iterations (time) are plotted on the x-axis, while evidence is plotted
on the y-axis. Note that the amplitude of the evidence is arbitrary here as the actual evidence is a scalar multiple of these plotted basis functions. The thickness of each
plotted line indicates the variance of evidence traces around the basis function. In the no local connectivity model, there is 10 times more variance than in the 1Bl model.

Ultimately these differences may be obscured by averaging over pseudopairs to predict behavioral proxies such
as reaction time, but more work could be done to develop testable hypothesis about spatial confidence and variability
and determine which model is better aligned to the empirical data.
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E.2. No mental map model. For the random mental map we sampled the initial guess from a multinomial distribution
where samples had equal probability of segment label up to the prescribed number of segments K:

50~ Mult[(1/K, ..., 1/K) ] (S46)
(1=0) _ J1—e¢ it k=cik Sa7
ik {0+6/(K—1) if k#cik (54D

F. Model convergence. Having defined the initial state of our algorithm (the “mental map”), and the processing at
each time step we now define model convergence.

F.1. The iterative timescale. As parameters are updated at each time step, (Y and 8®) can be used to compute the

value of the observation log-likelihood per time-step logp (X H(t),ﬂ(t)) shortened £(*). We define the time of

convergence, t*

LW 0N <52 (S48)

Where 6L is a small, positive constant.

Therefore, we notate the per-pixel segment probabilities at convergence as 7r( k) Conceptually, we can think of
t* as the time at which further iteration does not meaningfully increase observatlon likelihood. In other words, after
time t* there is no informational benefit to the computational cost of iteration.

G. Evidence for “same segment”. Thus far, we have described FlexMM which provides us with 771( ,2, i.e. the segment

probabilities for each pixel, up until convergence at 7T( k) to get from these to evidence about the “same segment”
hypothesis we rewrite equations 3—4 from the main text Methods.

K
T =TT (S49)
k

E;;(t) = [log( (¢ )) —log (1 —ﬂ'g)ﬂ (S50)

m;; in equation 549 is the probability that two pixels ¢ and j belong to the same segment. From this probability
we use the log-likelihood ratio as evidence, notated E;;. Note that although E is not a vector quantity, we use
boldface to emphasize that E is generated by the IBI model using multi-dimensional inference procedures. The use
of the log-likelihood ratio is a principled choice in models of decision—making, including the DDM, as will be further
discussed in the upcoming Section 12.
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A Sequential log-probability ratio test

Supplementary Note 12: Drift Diffusion modeling

Previous work in decision modeling states that an optimal observer—that is one who responds the fastest given an
acceptable maximum error rate—can be modeled using the drift diffusion model (DDM)??. The goal of a DDM is to
predict reaction time distributions per choice-type®?. In this work, we do fit DDMs to reaction time distributions,
but our goal is not prediction. Instead we wish to compare the widely-adopted stochastic linear dynamics of a DDM
to the nonlinear dynamics of IBI. For fair comparison, we developed an image-computable DDM and here we review
the assumptions we followed in order to do so.

A. Sequential log-probability ratio test. First, we define the fundamental assumptions of DDMs. DDMs model
decision-making as a sequential analysis problem, in which evidence, £, about the stimulus is accumulated over s
sequential samples (i.e. &p,&1,...,&s). The optimal way to consider this evidence is using the sequential probability
ratio test2931733  where hy is the hypothesis that two cues are in the same segment while Ay, is the hypothesis that
two cues are in a different segment:

— 1o p(§0—>s | hy)
L =log (p(fo_>s | hn)> (S51)

Assuming that samples are independent we can take the limit approaching a differential amount of time (dt):

. o, p(&ar | hy)
Sl;nét (Ls)={=log (;D(Sdt|hn)> (S52)

In DDMs, a simplifying assumption is made that because evidence is drawn from a large population of neurons

perturbed by noise, the central limit theorem applies, and the differential log—likelihood can be re-parametrized as a
Gaussian with mean m and variance n? (see Bogacz?? Appendix A for a more detailed derivation).

£ =m+ndW; (S53)

Classical DDMs use a stochastic process called the Wiener process to model noise. The Wiener process W (t) is
introduced such that dW ~ v/dt-N where N is a Gaussian with zero mean and unit variance. Following from the

independent samples assumption made earlier: for 0 < s <t <wu <wv, W(v) — W (u) is independent from W (¢) — W (s)2°.
Using the Wiener process we can reparametrize log-likelihood ratio L as a function of time L(t):
t ¢
L(t):z+m/ d5+77/ AW (S54)
0 0

Where z is introduced as a starting point bias. Integral notation makes clear that evidence accumulation (a.k.a.
evidence integration) refers to averaging out noise over time, but here on we write L(t) without integrals for simplicity,
like so:

L(t)=z+mt+nW(t) (S55)

B. lterative and Integrative timescales. Treatment of the differential log—likelihood ¢ is where FlexMM differs from
classical DDMs. In FlexMM, the dynamics of ¢ is determined by the information that FlexMM extracts from the
image, and thus /¢ is affected by the connectivity of the graph. Comparing L(t) to E;;(t) from equation S50 in Sup-
plementary Note 11, we can appreciate that they are both log-probability ratios. Thanks to this shared probabilistic
formulation, we were able to further develop bespoke DDMs that leverage image statistics while eliminating the
nonlinear within-trial dynamics of iteration in IBI.

The intuitive approach was to assume that we can substitute the parameters in L(t) with value of the unchanging
log-likelihood at iteration convergence E;;(t*), divided by t*. We introduce a new variable for differential evidence
in the integrative timescale:

E!)
t*
This quotient is the average value of sensory evidence during the iterative timescale. Notionally, we divide by t* to
keep our units consistent with m. Practically, this division ensures that stimuli that take longer to converge do not

have their evidence count for more, which would be counter—intuitive.

Eij= (S56)
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Therefore, technically speaking, L(t) in only defined for ¢ > ¢*. Following the assumptions of sequential analysis,
this creates a decision-making model in which the integrative timescale follows the iterative timescale. The model
which yields a better fit is deemed to “set the tempo”. In other words, it is a better model of the slow step of the
decision-making process. That is, if DDM is a better model, extracting the evidence from the input image either
takes the same amount of time for all pairs or is much faster (and thus has less influence on reaction times) than
the process of averaging out noise. Conversely, if IBI is a better model, reaction times are largely determined by the
dynamic process that extracts evidence from the sensory input, whereas additional noise is negligible. See Table 3
for a side-by—side comparison of timescales.

Note that neither E;;(t) nor L;;(t) are closed-form continuous expressions. However, both the models can be
thought of as using a first-order numerical integration procedure to approximate a continuous evidence function.

IBI (for t — t*): DDMs (for t* — T):

E;j(t) = {1og (ng)) ~log (1 - nf;)ﬂ Lij(t) = z+a-myt+nW(t)

.. Decision rules:
Decision rules: e

ps={t"<t<T:|L;;(t)| > B}

< a|Eij} (857)

Fittable Parameters (4)): Fittable Parameters (¢):

Y =(a,b) Y= (o, )

Decision time distributions:

Decision time distributions:

Ed,y = inf{(p1 Up2) N (Eij (t)>0)} (S58) Ed,y = inf{(p3)N (Lij(t) > 0)} (S60)
fd,n =inf{(p1 Up2) N (E4;(t) <0)} (859) Ed,n =inf{(p3) N (L4;(t) < 0)} (S61)

Table 3: A side-by-side comparison of the iterative and integrative timescales

C. Types of DDMs. All the DDMs we use can be defined with the following parameterization, where W;;(t) indicates
that each unique pair (¢,j) is an independent draw from the Wiener process:

Lij = zij +a-mg; + Wi, (t) (S62)

See Table 4 for how we modify substitutions of &;; to create the different DDMs reported in our main text as well as
in Supplementary Note 6.
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C Types of DDMs

Zij mij Heuristic Nomenclature in main text

0 1 « is decoded from data Base DDM

0 <5ij>}f* Jrix weight by choice-type choice-—weighted DDM

Eij &ij weight per trial image—computable DDM /trial-weighted DDM
0 &ij weight drift rate per trial reduced trial-weighted DDM

Eij <5ij>}f* /i weight starting point per trial reduced trial-weighted DDM

Table 4: Types of DDMs. The angle-bracket notation indicates an average. The notation y* /n* indicates that evidence is averaged per the choice type of the model, at
convergence; y: same segment, n: different segments.
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Supplementary Note 13: Parameter fitting

In order for the model to generate predictions t4 that are most aligned with empirical observations t;, we implemented
a parameter fitting procedure. Only two parameters, ) = a,b for IBI or ¥ = «, 8 for DDM, were used for the fitting
while the noise 1 remained fixed.

To be able to compare the model’s output of reaction time (which is based on an iteration index) with the
continuous reaction time (based on physical time) from humans performing the task, we apply the following trans-
formation to both model and human reaction times: t/, = resc(log(tq+1)). Where the resc(x) function is simply
(X - Xmin)/(xmax - Xmin) .

The goal is to maximize the likelihood that a human decision time t’; comes from the distribution of model
reaction times f::i. State-of-the-art DDMs use an analytical solution to construct the PDF and compute a loss
f (t/,]v) 435, While this would be possible for the base DDM model, it is not applicable to all models so we opted
to empirically construct CDFs for loss instead: 2 (A&W)). We can use the following empirical likelihood function to

calculate the likelihood that a distribution of human reaction times tél comes from the model CDF £'36;

p(Ey|E, ) = ﬁ P (th01) = Pt =5 (t0,0)19)

9(tan)

where the product is over all trials, and 6(t/, ,,) is the time difference with the closest observation smaller than ¢/, .

(S63)

For numerical stability, we optimize the negative log-likelihood —.% ( Zl,ﬁ‘ ,1/)).

Np
-Z (tibﬁ‘aw) = Z IOg [F (tii,nw)) - F (tii,n —0 (tii,n) | ¢)} - 1Og (6 (t:i,n)) (864)
n=1

The second term is not a function of the parameters so we ignore it. For the final loss function, we apply the above
equation independently to each set of choices

~Lrotar = =2 (S, By 1) = L (€ 0 Pt (S65)

Note that the subscripts y and n indicate the “same segment” subset, and the “different segments” subset as defined
by human choices, ignoring the choices of the model. This is because the choices made by the model at specific trials
were not expected to match with the human’s, the objective was simply to match reaction time distributions per choice
type. Equation S65 is not differentiable with respect to the parameters. Therefore we used Markov-Chain Monte-
Carlo (MCMC) global minimization methods3”3%. Starting from an initial guess (e.g., for IBI, 1(9) = a(®) 5(0)) we
compute the negative log-likelihood —.%ota1, Which is then iteratively minimized. We heuristically set the following
bounds for the MCMC optimizer on parameters in ¢: a € (0,1], b € (0,5], @ € (0,50]), 8 € (0,5]. We also found that
the minimization of loss improved when multiple initial guesses of ¥ were used. We used two different initial guesses.

By computing this minimization we are finding parameters that maximize the likelihood of human decision times
being predicted by our model. For fair comparison across models we cross-validated each model fit with a 5-fold cross
validation per case.
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C Types of DDMs

Supplementary Note 14: IBI model extensions

The choices made in our modeling (e.g. using a convolutional neural network for feature extraction or learning
parametric distributions) are rooted in existing literature, and allow for controlled model comparison with alternatives
that shed light on exactly what aspects of the model are useful for capturing the spatiotemporal dynamics of human
segmentation. Our model lays the foundation however, for a number of extensions which could potentially improve
the quantitative performance of IBI to predict reaction times, detailed below.

Extending feature extraction. We use the deep convolutional neural network VGG-19 for feature extraction because
it has a receptive field like architecture that mimics early visual cortex®?*. In computer vision however, the field has
moved away from deep convolutional neural networks and towards more powerful transformer models from which
segmentation features which include semantic information may emerge®?. These segmentation features can easily be
plugged into our iterative generative model which could then predict reaction times using iteration index.

Extending decision rules and parameters to fit reaction time data. We used the simplest possible decision rules given
our goal of comparing to DDMs, which led our IBI model to have only two fittable parameters to fit reaction times.
Given there are hundreds of trials, we could add decision rules and new parameters. One example of a new decision
rule would be to take into account the trial number, i.e. the sequential order in which pairs of cues are presented
during the experiment (see Supp. Fig. 15).

Finally, consistent with the DDM literature, our objective function is minimized to match the overall reaction
time distribution rather than predicting reaction times per trial. Instead of matching empirical CDFs, we could use
a more standard loss function, for example the squared error.
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Supplementary Note 15: Reaction times decrease throughout the experimental block
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Supplementary Figure 15: a, z-scored reaction time vs. ordered trial number. Trials are aggregated across all cases. The white line represents the mean within a sliding
window of 600 trials. Black shaded area: s.e.m. b, Same as Figure 2a, bottom, with detrended data (i.e. removing the mean trend of panel a; details in the text below).

We observe that RTs decrease as the task goes on (Supp. Fig. 15a). To ensure that the presence of this trend
(which is unrelated to the distance between cues) did not affect the RT correlations with distance, we detrended the
RT data and verified that results did not change. To detrend the data, we fit a decaying exponential to the z-scored
RT vs. trial number, and then subtracted the predictions made by this exponential from the empirical z-scored RT
values. Supp. Fig. 15b shows that this detrending procedure did not change our findings.
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